The planetary dynamics of 4/3, 3/2, 5/2, 3/1 and 4/1 mean motion resonances is studied by using the model of the general three body problem in a rotating frame and by determining families of periodic orbits for each resonance. Both planar and spatial cases are examined. In the spatial problem, families of periodic orbits are obtained after analytical continuation of vertical critical orbits. The linear stability of orbits is also examined. Concerning initial conditions nearby stable periodic orbits, we obtain long-term planetary stability, while unstable orbits are associated with chaotic evolution that destabilizes the planetary system. Stable periodic orbits are of particular importance in planetary dynamics, since they can host real planetary systems. We found stable orbits up to 60 • of mutual planetary inclination, but in most families, the stability does not exceed 20 • -30 • , depending on the planetary mass ratio. Most of these orbits are very eccentric. Stable inclined circular orbits or orbits of low eccentricity were found in the 4/3 and 5/2 resonance, respectively.
Introduction
Over the last decades, there has been a tremendous increase of extrasolar planetary systems discoveries. Many of such systems consist of more than one planet and the study of planetary orbits concerning their long term stability is very interesting. Also, many planets seem to be locked in mean motion resonance (MMR), with the majority of which in 2/1 and by descending order, in 3/2, 5/2, 3/1, 4/1, 4/3, 5/1 and 7/2. However, the present estimation of their initial conditions may change significantly after obtaining additional observational data in the future.
Our study refers to the dynamics of a two-planet system locked in a MMR. had studied the dynamics of many MMR in the planar case by extracting an appropriate averaged Hamiltonian and computing the families of its stationary points. Modeling a two-planet system with the general three body problem (GTBP), we can study the dynamics of the non-averaged system by computing families of periodic orbits in a suitable rotating frame (Voyatzis and Hadjidemetriou, 2005; Hadjidemetriou, 2006; Voyatzis, 2008; Voyatzis et al., 2009 ). These families of periodic orbits should coincide with the families of stationary points, provided that the averaged Hamiltonian is sufficiently correct. Also, it has been shown that families of periodic orbits can constitute paths that can drive the migration process and, consequently, trap the planets in a MMR (Lee and Peale, 2002; Hadjidemetriou and Voyatzis, 2010) . All of the above mentioned studies refer to the planar problem. In this paper, we, also, present new results for the planar case but we, mainly, focus on the dynamics of planetary orbits in space. The spatial GTBP, where planets have a mutual inclination, has been studied only for the 2/1 resonance in Antoniadou and Voyatzis (2013) . We herewith determine families of symmetric periodic orbits in all possible configurations of the above mentioned resonances. We compute the spatial families by analytic continuation of vertical critical orbits (v.c.o.) of the planar general problem; a method introduced by Hénon (1973) for the restricted problem and extended to the general one by Ichtiaroglou and Michalodimitrakis (1980) . Furthermore, we attempt to connect the linear stability of the periodic orbits with the long-term stability of planetary systems close to them.
The paper is organized as follows: In Sect. 2, we briefly present our model and the fundamental concepts of periodic orbits. In Sect. 3, we present the planar families of periodic orbits for different planetary mass ratios along with their horizontal stability and vertical critical orbits. In Sect. 4, we show the generated families of periodic orbits in space, with emphasis given on stable ones. In Sect. 5, we study the long term dynamical evolution of orbits in the vicinity of periodic ones and conclude in Sect. 6.
2 The three dimensional GTBP, periodic orbits and stability
Equations of motion
We introduce a three dimensional system that consists of a Star, S, of mass m 0 and two inclined planets, P 1 and P 2 , of masses m 1 and m 2 , respectively, which are considered as point masses. The three bodies move in space OXY Z (inertial frame) under their mutual gravitational attraction, where the origin O is their fixed center of mass and its Z-axis is parallel to the constant angular momentum vector, L, of the system. The system is described by six degrees of freedom, which can be reduced by introducing a suitable rotating frame of reference, Gxyz, (Fig. 1 ) described in Michalodimitrakis (1979) , such that:
1. Its origin coincides with the center of mass G of the bodies S and P 1 .
2. Its z-axis is always parallel to the Z-axis.
3. S and P 1 move always on xz-plane.
The Lagrangian of the system in the rotating frame of reference is:
where
and r
The Lagrangian of the system does not contain the angle between the axes OX and Gx, θ, therefore, the angular momentum p θ = ∂L/∂θ is constant and given by
Figure 1: Inertial OXY Z (blue) and rotating Gxyz frame (magenta).
Due to the choice of the inertial system, concerning the components of the angular momentum L, it always holds:
The above restrictions yield
Thus, the independent variables in the rotating frame are only x 1 for the planet P 1 and x 2 , y 2 and z 2 for the planet P 2 and as a result, the system has been reduced to four degrees of freedom. The equations of motion are: 
The quantityθ is found by differentiating Eq. (5) with respect to time.
Periodic orbits and analytic continuation in space
We consider the rotating frame Gxyz and define the Poincaré section plane Π = {y 2 = 0,ẏ 2 > 0}. Then, the periodic orbits are defined as fixed or periodic points of this plane and provided that y 2 (0) = y 2 (T ), where T is the period, they satisfy the conditions:
where q = {x 1 , x 2 , z 2 ,ẋ 1 ,ẋ 2 ,ẏ 2 ,ż 2 } and q 0 = q(0). We note that for the planar problem is z 2 =ż 2 = 0, which implies that z 1 =ż 1 = 0, too. Due to the existence of the Jacobi integral, one of the above conditions is always fulfilled, when the rest ones are fulfilled. If a periodic orbit has two perpendicular crossings with Π, it is symmetric. Next, we consider the symmetries with respect to the xz-plane and the xaxis (Michalodimitrakis, 1979) . For a xz-symmetric periodic orbit the initial conditions are {x 10 , x 20 , z 20 ,ẏ 20 } andẋ 10 =ẋ 20 =ż 20 = 0.
For a x-symmetric periodic orbit the initial conditions are {x 10 , x 20 ,ẏ 20 ,ż 20 } andẋ 10 =ẋ 20 = z 20 = 0.
Assuming a planar periodic orbit, we linearize the last of the Eq. (6) considering z 20 = ζ 10 ,ż 20 = ζ 20 , with |ζ i0 1| and we obtain the linear system (Ichtiaroglou et al., 1978) 
with d
and γ = b
. If ∆(T ) = {ξ ij }, i, j = 1, 2, is the monodromy matrix of Eq. (11) for a planar periodic orbit of period T , we can define the vertical stability index (Hénon, 1973) 
If |a v | < 1 or |a v | > 1 the orbit is vertical stable or unstable, respectively. Any periodic orbit of the planar problem with |a v | = 1 is vertical critical.
A vertical critical orbit (v.c.o.) can be analytically continued in space. It is continued by varying the value of z 2 for the xz-symmetry orż 2 for the x-symmetry (Ichtiaroglou et al., 1978) .
Stability of 3D periodic orbits
The linear stability of periodic orbits is found by computing the eigenvalues of the 8 × 8 monodromy matrix of the variational equations of the system (6). Since the monodromy matrix is symplectic, we have 4 pairs of conjugate eigenvalues. We compute them by using the LAPACK routines of M athematica. Iff all the eigenvalues lie on the unit circle, then the periodic orbit is linearly stable. Due to the existence of the energy integral, one pair of eigenvalues is equal to unity. The location of the other three pairs (see Fig. 2 ), may lead to simple, double, triple, complex or (as we call it here) u-complex instability (Marchal 1990; Skokos 2001) . In some cases, due to the limited accuracy, we cannot be sure whether an eigenvalue lies on the unit circle, or not. Therefore, apart from the computation of the eigenvalues we can estimate the evolution stability by using as index the Fast Lyapunov Indicator computed along the periodic orbit (Froeschlé et al. 1997; Voyatzis 2008 ).
Planetary resonant configurations and presentation of families of periodic orbits
Having assumed that m 0 m 1,2 the periodic orbits in the rotating frame correspond to almost Keplerian ellipses described by the osculating orbital elements a i (semimajor axis), e i (eccentricity), i i (inclination), ω i (argument of pericenter), Ω i (longitude of ascending node) and λ i (mean longitude). Throughout the present study we take a 1 < a 2 (thus, subscript 1 corresponds to the inner planet and 2 to the outer). The total mass of the system, m, is normalized to unity, i.e. m = m 0 + m 1 + m 2 = 1. The inner planet's mass is fixed to m J = 10 −3 (Jupiter's mass), unless otherwise stated. Mean motion resonances are associated with the non-circular families of periodic orbits for which
, where q, p = 0 are integers and n i denotes the mean motion of the planet P i . In this case, we can introduce the resonant angles
Also, we may refer to the apsidal difference ∆ = 1 − 2 . For symmetric periodic orbits, we have ∆ = 0 (aligned planets) or ∆ = π (antialigned planets). Also, we assume that at t = 0 the planets are placed at periastron, M i = 0 or apoastron, M i = π, where M i indicates the mean anomaly of planet P i . Thus, we get four resonant configurations and we can use the resonant angles (θ 1 , θ 2 ) to distinct them. Therefore, the four configurations arising are (0, 0), (π, 0), (π, π) and (0, π). However, for resonances with q =even, we always have, at t = 0, θ 1 − θ 2 = q∆ = 0 and, consequently, the pair of angles (θ 1 , θ 2 ) would not allow us to distinguish the different configurations. In such cases, e.g. the 3/1 resonance, where q = 2, we shall use the pair (θ 3 , θ 1 ), where the resonant angle θ 3 is defined as
Following the literature , we project the families of planar periodic orbits in the eccentricity plane (e 1 , e 2 ). In order to distinguish the families of different configurations in the projection plane we use both positive and negative values for the eccentricities. The positive values of e i correspond to θ i = 0 and the negative ones to θ i = π.
Evidently, the periodic solutions generally depend on planetary masses. It has been shown by ) that the families of periodic orbits on the projection plane (e 1 , e 2 ) depend on the mass ratio of the planets, ρ = m 2 m 1 and not on planetary masses individually, provided that m i m 0 . The various families belonging to the same configuration differ from one another in ρ, which usually extends in our computations from 0.01 to 20. The families of the same resonance and same configuration (but different ρ) form a group of families.
The v.c.o. of the families are classified according to the symmetry of the periodic orbits they generate: xz-symmetric and x-symmetric orbits are denoted with symbols F and G, respectively. They can be, also, classified according to the resonance, p+q p and the configuration (θ 1 , θ 2 ) they belong to 1 .
Concerning the spatial problem, we, also, have ∆ = 0 or π and θ i = 0 or π. Thus, the spatial families are denoted with symbols F and G, similarly to the v.c.o. where they start from. Also, the resonance and the configuration is indicated with a superscript and a subscript, respectively, i.e. we name the families as F
. In case there exist more than one groups of families or v.c.o. in the same configuration and resonance, symbols F and G are primed. We present the spatial families in the 3D projection space (e 1 , e 2 , ∆i), where ∆i is the mutual inclination of the planets given by the cosine rule cos ∆i = cos i 1 cos i 2 + sin i 1 sin i 2 cos(Ω 1 − Ω 2 ).
We have computed the periodic orbits by solving numerically the equations (6) of the rotating frame using the Bulirsch-Stoer integrator and setting the minimum accuracy to 10 −14 . The periodicity conditions (9) or (10) are satisfied at least up to 12 decimal digits after successive differential approximations. Since we aim to demonstrate a global view of stability and instability regions in phase space, we do not provide the accurate data of our computations. Instead, we present graphs of eccentricities and mutual inclination to which the estimated observational data can be assigned. The ratio of planetary semimajor axes can be approximated by the particular resonance, i.e.
. We should remark that in extrasolar systems with very massive planets (e.g. m i 10 m J ), the mean motion ratio may differ significantly from the rational value (p + q)/p.
Planar families of symmetric periodic orbits
We herewith present families of symmetric planar periodic orbits in the MMRs 4/3, 3/2, 5/2, 3/1 and 4/1. We have computed the vertical stability of periodic orbits in each family and present the v.c.o. found. Stable v.c.o. are of particular importance, since they can yield, after continuation process, families of spatial stable orbits, where extrasolar planets could be trapped to. We depict the characteristic curves of the families on the projection plane (e 1 , e 2 ). The segments of the families which consist of stable orbits are presented with bold blue lines, while the segments of unstable ones are depicted with red lines. The v.c.o. which generate xz-symmetric periodic orbits in space are presented by magenta-coloured dots, whereas the x-symmetric with green dots. Bold gray lines represent close encounters between the planets.
4/3 resonance
Extrasolar planetary systems close to 4/3 mean motion resonance are e.g. HD 200964 and Kepler 29. In Fig. 3 , we present the planar families of periodic orbits along with their stability and the v.c.o. they possess. There exists one group of families of periodic orbits that bifurcates from (0, 0) (circular family) and starts as stable; it belongs to the configuration (0, π). In the configuration (π, 0), we obtain stable orbits above the collision line. This means that the planetary orbits intersect each other. However, due to the phase protection mechanism offered by the resonance, the planets avoid collisions and their orbits are stable. The same holds for the same configuration of all studied resonances.
In Table 1 , we have classified the v.c.o. in accordance with the configuration to which they belong and the symmetry of spatial periodic orbits they generate. The configurations (0, 0) and (π, π) do not have any v.c.o.. There are, also, circular v.c.o., at (e 1 , e 2 ) ≈ (0, 0), which are not included in the Table. They exist for mass ratio values approximately in the interval 0.35 < ρ < 0.85, and as we will see in Sect. 4.1, circular families of inclined orbits bifurcate from them.
3/2 resonance
The 3/2 mean motion resonance is apparent in many exosolar planetary systems, e.g. HD 45364 (Rein et al., 2010) , KOI 55 (Callegari and Rodríguez, Figure 3 : Planar families of symmetric periodic orbits in 4/3 resonance for various (indicated) mass ratios. The particular configuration (θ 1 , θ 2 ) for each quarter is indicated. Bold blue lines represent stable families, while the red ones the unstable families. Magenta or green coloured dots correspond to F and G v.c.o., respectively. The mass ratio ρ for some indicative families is given. Bold gray lines stand for close encounters between the planets. , and a lot of Kepler systems (see Steffen et al. (2013 Steffen et al. ( , 2012 ). In Fig.  4 , we present 3/2 resonant families of periodic orbits and the v.c.o. they possess.
In configuration (0, π), similarly to the 4/3 resonance, there is a group of families of stable periodic orbits that bifurcates from the circular family of periodic orbits. The configuration (π, 0) has, also, families of periodic orbits with stable regions. The v.c.o. of these configurations are shown in Table 2 
5/2 resonance
The extrasolar planetary systems HD 1461 and HD 21693 are locked near the 5/2 resonance, while planets of the multiplanetary systems HD 10180 (f,e) (Lovis et al., 2011) and HD 181433(d,c) (Campanella, 2011; Campanella et al., 2013) seem to evolve in it. Particular families of periodic orbits of this resonance were given by Psychoyos and Hadjidemetriou (2005) . In Fig.  5 , we present the structure of families of periodic orbits belonging to each configuration.
For each configuration we obtain families that bifurcate from circular orbits. At (0, 0) the picture is quite complicated and we added a magnification plot with few representative family curves. Segments of stability along the families are evident in every configuration. In Table 3 
3/1 resonance
The 3/1 resonance has been observed in the following planetary systems: HD 60532 (Laskar and Correia, 2009) , HD 10180(e,d) (Lovis et al., 2011) , and possibly in HD 20781 and HD 20003. The structure and stability of each group of families belonging to different configurations is thoroughly described in Voyatzis (2008) and following this study, we kept the inner planet's mass fixed to 8 10 −4 . Furthermore, in Fig. 6 , we show the v.c.o. of each family. In configuration (0, π) there are couples of x-symmetric v.c.o. from which, as we shall see in Sect. 4.4, one family bifurcates forming a bridge from one v.c.o. to the other for mass ratios ρ < 0.158. V.c.o. of such symmetry appear again for e 1 > 0.75. From the rest v.c.o. xz-symmetric periodic orbits bifurcate. We note that this behaviour was, also, reported in the study of 2/1 resonance (Antoniadou and Voyatzis (2013) ). Stable v.c.o., also, appear in configuration (π, 0). All of them are given in Table 4 .
The configuration (0, 0) has many v.c.o. that belong to unstable families of periodic orbits. However, we should state the bifurcations that take place as ρ increases, in order to show the complexity of the dynamics: i) For ρ < 0.02375 there exists one G v.c.o. (i.e. of x-symmetry) in each family (green dots). ii) For 0.025 < ρ < 0.105 there are couples of G v.c.o. (black dots). iii) For 0.11 < ρ < 0.14375 there is no v.c.o. iv) For 0.15 < ρ < 1.875 there appears a F v.c.o., from which xz-symmetric spatial periodic orbits bifurcate (gray dots). v) For 1.9 < ρ < 13.5 there are no v.c.o. vi) For 13.5 < ρ < 20 there is again one G v.c.o. of consequent x-symmetry (green dots). 
4/1 resonance
Extrasolar planetary systems, which are trapped in 4/1 resonance, are e.g. HD 102272 (Niedzielski et al., 2009 ), HD 108874 (Goździewski et al., 2006; Libert and Henrard, 2007) and GJ 667C (Anglada-Escudé et al., 2012). In Figure 7 , we depict the families, indicating the stability and the v.c.o. at each configuration. Similarly to the 3/1 resonance, every configuration seems to have families that bifurcate from circular periodic orbits. Segments with stable orbits are apparent in every configuration, but only for the cases (0, 0) and (0, π) we observe stability at nearly circular orbits. There are stable v.c.o. in configurations (0, π) and (π, 0) and they are given in Table 5 . In configuration (0,0) all v.c.o are unstable, while in (π, π) they do not exist. 
4/3 resonance
In Figure 8 , we present families of 3D periodic orbits bifurcating from stable v.c.o. of the particular resonance. The configuration of these v.c.o. is (0, π) or (π, 0) and we obtain spatial families F and G (symmetries xz and x, respectively). We observe that in the projection space the families start with an increasing mutual inclination ∆i, while the eccentricities do not vary significantly. This feature appears in most cases. For larger values of ∆i, eccentricities may also vary significantly along the families. In Figure 9 , we depict the spatial families of periodic orbits that are continued from the circular v.c.o. (see Sect. 3.1) and we denote them with a prime. The G 4/3 (0,π) families are unstable, whilst the F 4/3 (0,π) families are stable up to a mutual inclination of 28
• and 35
• for mass ratios ρ = 0.4 and ρ = 0.6, respectively. But, for ρ = 0.8, F 4/3 (0,π) becomes totally unstable. Along the stable segments the eccentricities do not vary significantly and the planetary orbits remain almost circular. This is the only case of circular inclined periodic orbits we found.
In Figure 10 , we show the maximum value of mutual inclination up to which stable orbits exist as a function of the mass ratio, ρ. We consider the cases where the families start having stable regions. We observe that the maximum mutual inclination of all the symmetries has the same behaviour, namely it reaches a maximum value (48
• , 5
• , 38
• , corresponding to Figs. 8a,b,d, accordingly) and then, it decreases monotonically down to zero. 
3/2 resonance
In Fig. 11 , we present the spatial groups of families of periodic orbits that belong to the configuration (0, π). In panels a and b, the families of periodic orbits are depicted. In panel c, we present a second group, G 3/2 (0,π) , of x-symmetry families emerging from the group of planar families "above" the collision line (see Fig. 4 ). All of them start having stable regions, but the stability does not exceed the value ∆i ≈ 1
• . In panel d, we observe that the stability of families F 3/2 (0,π) appears up to a mutual inclination value ∆i max , which increases as ρ increases and reaches the value of 41
• for ρ = 20. The families G 3/2 (0,π) show stability up to large mutual inclination values for ρ > 1 and for ρ = 0.1 where ∆i max = 24
• . As we mentioned above, the families G 3/2 (0,π) are, practically, totally unstable.
5/2 resonance
In Fig. 12a , we present the G (0,π) are totally unstable. The maximum value of mutual inclination that the planets of the stable orbits reach is of 55
• (see Fig. 12d , blue line). However, for ρ ≈ 1, the stability is evident only for very small mutual inclination values.
In panels b and c of Fig. 12 , we show the families • for ρ = 0.4). In their stable segments the eccentricities are almost constant. Families F 5/2 (0,π) start as stable, but their stability does not exceed 12
• (for ρ = 1). The maximum mutual inclination value for each mass ratio is shown in panel d.
3/1 resonance
In Fig. 13 , we present groups of the spatial families F 3/1 (π,0) and F 3/1 (0,π) (panels a and b, respectively), for various mass ratios. In Fig. 14, we show the ∆i max which is reached by the orbits of the families F 3/1 (π,0) as the planetary mass ratio ρ varies. For, approximately, ρ < 0.5 and ρ ≥ 10 the families have no stable orbits. The highest value of ∆i max is obtained for ρ = 5 and is equal to 39
• . For the families F 3/1 (0,π) we found that they are totally unstable for ρ ≤ 5, but for ρ ≥ 10 we obtain stability up to mutual inclination of approximately 50
• . An interesting characteristic curve is shown for the family G 3/1 (0,π) (Fig.  15) . It starts and ends at the planar family (existence of couple of v.c.o.) and along its way, partially it follows a path with almost circular inclined orbits that extends in the interval 15
• < ∆i < 72
• . All orbits along this 
4/1 resonance
In Fig. 16a , we present the spatial families of 4/1 resonance F 4/1 (0,π) and F 4/1 (0,π) . The first ones start having stable orbits for ρ > 0.1. The stable orbits extend up to a maximum mutual inclination value, which depends on ρ, as it is shown in Fig. 16d( red line) . The families F 4/1 (0,π) , although some of them (5 ≤ ρ ≤ 10) bifurcate from stable v.c.o., consist of unstable orbits. In Fig. 16b , the x-symmetric families G are unstable, while families G 4/1 (0,π) always start as stable, but in the interval 0.6 < ρ < 0.8 stability keeps only for ∆i < 0.5
• (Fig. 16d , blue line). There are also couples of v.c.o. from which the bifurcated families of x-symmetric periodic orbits start and end at them forming a bridge. They exist for mass ratios ρ < 0.163 and are totally unstable; they are not depicted.
In Fig. 16c , we show the families F 4/1 (π,0) , which start having stable segments for up to the mass ratio we computed them, i.e. ρ ≤ 5. Also, in this case we obtain stable orbits of high mutual inclination, up to 47
• at ρ = 2. We note that the particular v.c.o. correspond to crossing planetary orbits as it happens for any resonance in the configuration (π, 0). 
Long-term dynamical evolution of orbits
It is known, that in Hamiltonian systems the stable periodic orbits are surrounded in phase space by invariant tori, where the motion is regular and bounded in the vicinity of them. Therefore, in these regions, as numerical simulations indicate, the long-term stability is guaranteed. In contrary, around unstable periodic orbits in the phase space chaotic regions exists. If chaos is weak, the planetary orbits evolve showing some irregularity in the oscillations of orbital elements, but the configuration of the system does not change significantly for long time intervals. However, in strongly chaotic regions the planetary system is destabilized and the planets show collisions or escapes.
We hereafter present some numerical results and attempt to connect the above mentioned behaviour of periodic orbits with the long-term dynamical evolution of spatial periodic orbits. We consider initial conditions from an unstable and a stable periodic orbit of the families F 5/2 (0,π) for ρ = 0.4. During numerical integrations the relative error in energy and angular momentum is less than 10 −11 (except in cases of close encounters). The regular or chaotic nature of the system's evolution can be also verified by the F.L.I. mentioned in Sect. 2.3.
Case i: Long-term evolution of a 3D unstable orbit
We consider the computed (with accuracy 10 −12 ) initial conditions of an unstable periodic orbit (from the family mentioned above) that correspond approximately to the orbital elements a 1 = 1.61, e 1 = 0.27, i 1 = 15.96
• , Ω 1 = 90 Fig. 17 , we depict the evolution of the orbital elements a i , e i and i i and the resonant angles θ 1 , ∆ and ∆Ω. Initially, the evolution takes place close to the unstable periodic orbit. The orbital elements remain almost constant and the resonant angles, θ 1 , ∆ and ∆Ω, librate slightly around 0
• , 180
• and 180
• , respectively, until 2 × 10 5 t.u.. However, due to the instability (and since the initial conditions do not correspond exactly to the periodic orbit), the evolution is drifted along the unstable manifold of the periodic orbit and then strong chaos becomes apparent destabilizing the planetary system. The orbital elements start oscillating irregularly, whereas the resonant angles start to rotate, apart from ∆Ω, which shows very small libration around 180
• , due to the conservation of the angular momentum. The planets show temporary captures in different resonances and at the end of the evolution are found to be captured in 2/3 resonance (namely, planet P 2 became the inner planet) and ∆ librates.
(a) (b) Figure 17 : The evolution of orbital elements a i , e i , i i , resonant angles θ 1 , ∆ and ∆Ω of a planetary system with initial conditions very close to an unstable periodic orbit (16). Red and black line stands for inner (P 1 ) and outer planet, P 2 , respectively. Blue line (in the top panel) stands for the mutual inclination ∆ i .
Case ii: Long-term evolution of a 3D stable orbit
We consider the stable periodic orbit:
64, e 2 = 0.56, i 2 = 22.13
• (17) During the evolution of the exact periodic orbit, the osculating elements and the resonant angles are almost constant and, approximately, equal to their initial values. However, if we consider orbits with initial conditions that deviate from the initial conditions of the stable periodic orbit, we should obtain quasiperiodic regular evolution. For instance, if we use the initial conditions (17), but set the initial ascending node of the outer planet Ω 2 = 280
• , we obtain the evolution shown in Fig. 18 . All orbital elements and the presented angles oscillate regularly around the initial values of the periodic orbit. So, an island of stability should exist around the orbit (17). • (presentation as in Fig. 17 ).
If we do not start sufficiently close to the stable periodic orbit, i.e. if we increase the initial Ω 2 value by 14
• with respect to the periodic orbit (17), we enter a chaotic region in phase space. The evolution is presented in Fig. 19 . Until 10 4 t.u. the orbital elements and the presented angles librate around their expected values. Then, although ∆ continues to librate, θ 1 rotates indicating that the system left the region around the periodic orbit. In the interval 9 − 9.3 × 10 4 close encounters between the planets take place. Then, slow rotation of the apsidal difference ∆ is observed besides the rotation of θ 1 . Finally, we observe that the planet P 2 is scattered. • (presentation as in Fig. 17 ).
Conclusions
Using the general three body problem as a model for the study of the dynamics of resonant planetary systems, we determined families of periodic orbits in the planar and spatial case and examined their stability. The orbital periodicity refers to a particular rotating frame for the model. Such periodic orbits indicate the exact mean motion resonances in phase space. We have performed an extensive study and provide results for 4/3, 3/2, 5/2, 3/1 and 4/1 resonances.
In the planar problem, we presented the families of symmetric periodic orbits in the plane of eccentricities (e 1 , e 2 ) for various values of planetary mass ratio. All symmetric periodic orbits can be classified in four different configurations, which are distinguished by the different values of the resonant angles (θ 1 , θ 2 ), namely we have the cases (0, 0), (0, π), (π, 0) and (π, π). In cases like 2nd order resonances the different configurations are distinguished by the pairs (θ 3 , θ 1 ). Some common features for all the examined resonances are the following:
• The majority of periodic orbits in the configuration (π, π) is unstable.
• In the configuration (π, 0), we always obtain a phase protection mechanism and we have stable planetary orbits that cross each other.
• In the configuration (0, π), we obtain families of stable periodic orbits that bifurcate from almost circular orbits (we remark that close to circular orbits, the configuration may change, however, the generated families consist of stable segments, whose majority of orbits belongs to the (0, π) configuration).
We determined the vertical stability for all computed planar periodic orbits. Orbits that are critical with respect to their vertical stability (vertical critical orbits or, briefly, v.c.o.) are analytically continued to the third dimension and therefore, are bifurcation points of families of periodic orbits in the spatial model. V.c.o. can be found to any configuration, but in our study, no v.c.o. were found in (π, π) case. Also, they can be stable or unstable with respect to their horizontal stability. From unstable v.c.o., the analytic continuation always generates unstable spatial periodic orbits. From stable v.c.o., either stable, or unstable periodic orbits may bifurcate in space. Nevertheless, our computations showed that in most cases stable v.c.o generate stable families of periodic orbits. Certainly, the stability type can change along the families.
We computed and presented families of spatial periodic orbits for all studied resonances, which are symmetric with respect to either xz-plane or x-axis. Particularly, we are interested in families starting from stable v.c.o.. Following the analytic continuation of the planar v.c.o. we obtained that stability may extend up to quite large values of planetary mutual inclination (up to 50
• -60
• in some cases). The majority of stable spatial periodic orbits is quite eccentric, because the corresponding v.c.o. are quite eccentric, too. An exception occurs for the 4/3 resonance, where circular inclined orbits have been computed. Also, stable inclined orbits of low inclination values exist in 5/2 resonance (families F 5/2 (0,π) ), but with mutual inclination that does not exceed 12
• . Stable periodic orbits are associated with regions in phase space, where the majority of orbits evolves regularly twisting invariant tori. For initial conditions in such regions, a planetary system of two planets shows longterm stability and may, also, survive under small external perturbations (e.g. by additional planets in the system). In contrary, if a planetary system is positioned in the vicinity of an unstable periodic orbit, due to the existence of chaotic regions around it, it will eventually destabilize. This procedure could trigger irregular evolution that generally leads to close encounters between the planets and perhaps forces one planet to be scattered.
If, indeed, families of periodic orbits constitute paths that can drive the migration process of planets as we mentioned in the introduction, then a planetary system should be found, after resonant capture, in the vicinity of a stable periodic orbit. Therefore, our study can help determine and understand the reasons why, the discovered multi-planet systems possess certain attributes.
